Math 524 Exam 6 Solutions

The first three problems all concern A = <71;é3 :;?2) = <% %) <7(1)/2 ,(2]/3> <_21 711>

1. Solve the discrete-time system given by z(n) = Az(n — 1), with initial condition z:(0) = (9).

A basis of eigenvectors is B = {b1, by}, for by = (1,1)7,by = (1,2)”. We have
[2(0)]g = (7'). We have z(n) = A"z(0) = (PDP~!)"2(0) = PD"P~'z(0). Be-

cause P~z = [z]p, we have [z(n)]p = D"[z(0)]p = D" (') = (?S;SZL ) Hence

— (=1 n (-1 n _2/2\n _n
a(n) = P (G0 ) = (ZGETIN ), or aun) = (<2f3)" = (=2) 7", wa(n) =
2(—2/3)" — (=2)~". One may check this with some values such as n = 0,1,2; or,
one may check that this satisfies the difference equation and initial condition.

2. Solve the first-order system given by %x = Axz, with initial condition given by z(0) = (9).

We calculate a basis of eigenvectors as before, and note that z(0) = —b; + ba.
This time 2(t) = eA2(0) = e (—by + by). We have eAh; = e ¥/2b; and e?thy =
e 2t/3py, since they are eigenvectors of A. Hence z(t) = —e 2h) 4 e72/3py =

( _6;7224'612;//33 ) One may check that this satisfies the DE and initial condition.

—e +2e

3. Solve the second-order system given by C%x = Az, with initial conditions given by z(0) = ()
and (0) = (}).

In the B basis, we have [2(0)]p = (1), [#(0)]5 = ( %), and & [2]p = [A]p[z]p =
Dix]p. For convenience, set w; = 4/1/2 and wy = /2/3. We can write down the

solution [x(t)]B = (21*)120(;0(3(;1)23‘7(3:3z::}léz;g ) . We then compute Jj(t) = P[l‘(t)]B =

(—1) cos(wit)+(2/wy) sin(w1t)+(1) cos(wat)+(—1/wy) sin(wat) . .
((—1)cos(wit)—i—(?/wi)sin(wit)—&-(Q) Cos(wzt)+(72/w§)sin(wzt) ) One may check that this satis-

fies the initial condition (and, time permitting, the DE).

The last problem concerns A = (:g 1(/]2) = (% _21> (‘01 31> (_1{;2 Z: )

4. Solve the first-order system given by %x = Az, with initial condition given by z(0) = (9).

We have a basis of generalized eigenvectors S = {s1, 52}, for s; = (1,2)7 (of order 1,
hence an eigenvector), and s = (—1,2)7 (of order 2). Note that z(0) = /451 +1/455.
We have z(t) = eA'z(0) = e?*(1/4s; + /4s5). Because s is an eigenvector, es; =

e !s1;. Because sy is a generalized eigenvector of order 2, eAtsy = e '(I + (A -

AJt)sz = eI+ (A+ D)sz = (1507 )s2 = e (5a(tn) = (eirp))-

Putting it all together, we get x(t) = 1/aetsy + 1/4(2:;&&;;;) = %(434’;1) =

( (fil;é %t ) One may check that this satisfies the DE and initial condition.



